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GRAVITY MOOEL IMPROVEMENT USING 
CEOS-3 (GEM 9 & IO) 
ABSTRACT 
The spadxme altimeter missions of GE0S3 (50 cm accuracy) and the 
future SEASAT (IO cm occurmy) require precise knowledge of the radial position 
of the spacecraft to  be most effective. Though errors in previous gravity modeis 
have produced large uncertainties in the orbital position of CEOS3, sigrificatt 
improvement has been obtained with new geopotential solutions, - Coddord - Earth 
- Models 9 and IO. Using least squares collocation GEM 9 was derived by 
combining laser data from CEOS-3, LACEOS and Starlette, SBand measure- 
ments on LANDSAT I, together with data from 26 other satellites used in 
previous solutions. GEM IO is a combination solution containing a global set of 
svrface gravity anomalies along with the data in GEM 9. Radial errors of CEOS 
3 for 5 day arcs have been reduced from about 5 m to I m based upon orbital 
intercomparlsons, station navigations and analyses employing crossover points 
from passes of altimetry. 
The use of collocation has permitted GEM 9 to be a larger field than 
previous derived satellite models, GEM 9 having harmonics complete to  20 x 20 
with selected higher degree terms. The satellite data set has approximately 
840,ooO observations, of which 200,000 are laser ranges taken on 9 satellites 
equipped with retroreflectors. GEM IO i s  complete to 22 x 22 with selected 
higher degree terms out to degree and order 30 amounting to a total of 592 
coefficients. Comparisons with surface gravity and altimeter data indicate a 
substantial improvement in GEM 9 over previous satellite solutions; GEM 9 is in 
even closer agreement with surface data thar the previously published GEM 6 
solution which contained surface gravity. In particular the f r e e  air gravity 
m a l i e s  calculated from GEM 9 and a surfoce gravity solution by Rapp (1977) 
are in excellent agreement for the high degree terms (13 15 22). 
iii 
The mass constat of the Earth, CM, has been estimated from the laser 
data as 39860.64 - + -02 km /sec , a value which is  principally determined from 
LACEOS. The speed of light used wos 299792.5 km/sec. Geocentric station 
positions were determined for approximately IS0 stations in GEM IO. These 
station coordinates, their mem sea level heights and altimetry data provide an 
estimate for the meal radius of the earth of ae = 6378140 - + I m. Accuracy 
estimates derived for the potential coefficients have been verified wit5 
indepedent data sets. These produce commission errors in geoid heights of 1.9 m 
and 1.5 m (global RMS values) respectively for GEM 9 and IO. 
3 2  
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SECTION I .  . . . . . . . . . . INTRODUCTION - 
1. INTRODUCTION 
The Earth and Ocean Dynamics Applications Program (EODAP) of the 
National Aeronautics and Space Administration calls for knowledge of the global 
geoid to sub-meter levels Gf accuracy. While final realization of these goals will 
rely strongly on GEOS-3 and SEASAT altimetry, progress continues to be made 
toward comprehensive gravity vde l i ng  using conventional satellite tracking 
systems and surface gravimetry. 
A t  Goddard Space Flight Center (GSFC) the emphasis has been on using 
as much of the precise satellite data as possible. Precise laser tracking such as 
the International Satellite Geodesy Experiment (ISAGEX, Rrachet, 1970) laser 
systems of 1970 have yielded a substantial improvement in geopotential 
sensitivity and accuracy over the last few years (e.g., Wagner, et  al 1977). 
However, the accuracy of the GSFC, S A 0  and French laser systems (with 5 cm 
noise levels for GSFC systems now deployed) on the new CEOS-3 and Starlette 
orbits could not be realized without continued geopotential improvement. In the 
case of GEOS-3, effective use of the altimeter data required a very significant 
improvement in radial orbit determination accuracies heyord the capabilities of 
existing gravity models. Improvement of EOS-3 orbit determination by 
reduction of geopotential uncertainties was a major objective of - Goddord -- Earth 
- Models (GEM) 9 and IP. 
GEM 9 is a gravity model based solely on optical, laser, and electronic 
observations taken on 31 satellites. GEM IO combines the GEM 9 satellite data 
with surface gravimetry. (GEM IO and other solutions which are derived from 
both satellite and surface ohservations (e.g., SA0 4.3, GRIM 2) are referred to as 
"combination" solutions. 
I 
CE% 9 md IO incorporate a number of siwificant chanqes in technique 
over previous GEM solutions. The exteruior, of the GEM 9 satellite solution to 20 
x 20 (complete in degree and order) was accomplished through the use of lemst 
squares collocation (Moritz, 1972). This techiqte is  discussed in Section 3.2 and 
is also used by King-Hele ( 1974) and A n k l e  (privcte communication, 1977) in 
their gravity work. The adjustment of the earth% mass (GM) is mother 
adwncement (Section 3.3). A significant improvement was obtained in GEM IO 
by now including the t rmt ion of the gravity field (as well os the accuracy of 
the data) as an error source in weighting the gravimetry observations (Section 
3.4). GEM 9 and 10 wil l  be used os the base fields for other solutions being 
planned which wi l l  extensively we the altimeter data available on GEOS-3. 
Many or the data systems for the CEO53 mission have been used to 
evaluate the GEM 9 and IO mode!s. While the satellite-to-satellite Qppler relay 
(SSt) a i d  tk altimeter ranging dah have not been included in these latest GEM 
m&ls, these data have been used to assess the overall global improvement of 
the models. The laser tracking has al;o been used to test the models. These 
studies are included within this report and provide a strong demonstration of the 
high level of accuracy which has been ochieved in GEM 9 and 10. 
2 
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SECTlON2. .......... DATA 

2. DATA 
2.1 SATELLITE TRACKING DATA 
A brief summary of the 840,OOO satellite tracking measurements utilized 
in GEM 9, is qiven in Table I ,  The main feature of the data in the new solution is 
the large <mount of laser data employed totaling about 200,000 observations. 
Because of the sensitivity of the laser system to satellite perturbations (down to 
5 cm), contributions of the laser observations have been computed complete 
through wee a i d  order 22 for the harmmics, whereas the harmonics were 
computed complete m l y  through degree and order 16 for the other types of data, 
The ISAGEX laser data have been used in previous solutions, but in these, the 
harmonizs were computed complete only through degree 16. 
A description of satellites employed and their data distribution is 
given in Tables 2, 3A, and 38. These tables respectively describe (2) satellite 
orbital charocteristics and types of data employed, (3a) the distribution of data 
on satellite arcs containing optical data only, and (3b) the distribution of data on 
satellite arcs containing a variety of tracking systems consisting of electronic, 
laser, and additional optical observations. 
Characteristics of the data among the various tracking systems are 
summarized in Table 4. Summaries by tracking network consist of the number of 
stations, observations, and satellites observed including accuracies and weights 
used for sigmas of the data in the sotution. There are 561,900 measurements 
which have been used previously in GEM 7 and these are distributed among 9 
different tracking networks. The table also shows the data which are unique to 
GE;M 9, totaling 278,400 observations for Laser, S-i3and, and NWL Dappler 
tracking systems. 
PB-ING PAGE BLANK NOT FILMED 
TABLE 1. 
GEM 9 SATELLITE TRACKING DATA 
NO. 
TYPE NO. OBS. SATE LLITES NO. ARCS -
OPTICAL 150,OOO 24 207 
ELECTRON iC 477.000 11 97 
LASER 21 3,000 9 127 
LASER DATA DISTRIBUTION 
GEOS-3 94,000 ob. 
STARLETTE 28,000 
LAGEOS. 25.000 
BE -C 3.000 
7 ISACfEX SATELLITES 
(BE-6, BE-C, D1-C. 
D1-D, GEOS-1, 
GEOS-2. PEOLE) 
38 arcs 
26 
11 
4 
48 
16x 16 
16 x 16 
22 x 22 
'LAGEOS USED FOR ESTIMATING GM AND STATIONS ONLY (SEE SECTION 3.31. 
6 
TABLE 2. STELLITE ORBITAL CHARACTERISTICS USED IN GEM 9 AND 10 
SATELLITE 
NAME 
A (KILO- 
METERS) E 
I 
(DEGREES) 
AGENA-RB' 
ANNA-18 
BE -B 
BE -c 
COURIER 
01 -C 
01-D 
ECHO-1RB 
GEOS-1 
GEOS-2 
GEOS-3 
GHS 
INJUN 
LANDSAT-1 
LAGEOS 
MIDAS-4 
060-2  
OSCAR -7 
OVI-2 
PEOLE 
SAS 
SECOR-5 
STAR LETTE 
TE LETAR 
TIROS-9 
TRANSIT-4A 
7297. 
7501 * 
7354. 
m 7 .  
7469. 
7341. 
7622. 
7966. 
8075. 
7711. 
7226. 
7239. 
7316. 
7286. 
12273. 
9995. 
7341. 
7411. 
831 7. 
7006. 
6923. 
8151. 
7331. 
9669. 
8024. 
7322. 
VANGUARD-2RB 8496. 
VANGUARD-2 8298. 
VANGUARD-3 8608. 
5BN-2 7462. 
0.0010 
0.0082 
0.01 35 
0.0257 
0.0161 
0.0532 
0.048 
0.01 18 
0.0719 
e.0330 
O.OOO8 
0.0598 
0.0079 
0.0013 
0.0038 
0.01 12 
0.0752 
0.0224 
0.0184 
0.0164 
0.0035 
0.0793 
0.0204 
0.2429 
0.1173 
0.0076 
0.1832 
0.1641 
0.1901 
0.0058 
69.91 
50.12 
79.69 
41.19 
28 31 
39.97 
39.46 
47.21 
59.39 
105.79 
114.98 
49.76 
66.82 
99.10 
109.85 
s . 8 3  
87.37 
89.70 
144.27 
15.01 
3.04 
69.22 
49.80 
44.79 
96.41 
66.82 
32.92 
32.89 
33.34 
89.95 
MEAN 
MOTION 
(REV/DAY) 
13.92 
13.37 
13.76 
13.35 
13.46 
13.81 
13.05 
12.21 
11.96 
12.82 
14.13 
14.10 
13.87 
13.99 
6.39 
8.69 
13.79 
13.60 
1 1.45 
14.82 
15.09 
11.79 
13.83 
9.13 
12.07 
13.85 
11.09 
11.49 
11.07 
13.46 
#FtIMARY 
RESONANT 
PERIOD 
DAYS 
5.0 
4.8 
3.0 
5.6 
3.8 
2.5 
8.4 
11.9 
7.0 
5.7 
4.5 
10.7 
3.8 
18.0 
2.7 
3.0 
3.8 
2.2 
2.2 
2.1 
4.6 
3.4 
2.8 
14.9 
19.5 
3.5 
294.3 
2.7 
187.6 
2.4 
DATA TYPE'. 
0 
0, RR 
L. RR, 0 
L, RR, 0 
0 
L. 0 
L. 0 
0 
L, RR, 0 
L, R, RR,  0 
L 
0 
0 
RR 
L 
0 
0 
0 
0 
L, M 
M 
0 
L 
0 
M 
0 
0 
0 
0 
0 
'RB - Rocket Body 
''L - Laser Range, R - Range, RR - Range Rate, 0 - Optical, M - Mirntrack 
7 
TABLE 3A. DISTRIBUTION OF DATA FOR SATELLITE ARCS 
USING OPTICAL DATA ONLY 
287 WEEKLY OPT. ARCS (PRIMARILY SA0 BAKER-NUNN) 
SATELLITE e 
NAME 
AGENA-RB 
ANNA-1B 
BE -8 
BE -c 
COUR I ER-1 B 
D l 4  
f 
Dl  -D 
ECHO-IRB 
GEOS-I 
GEOS-II 
GRS 
INJUN-1 
MIDAS-4 
OGO-2 
OSCAR-7 
ow-2 
SECOR-5 
TE LSTAR -1 
TRANSIT -4A 
VANGUARD-ZRB 
VANGUARD-2 
VANGUARD-3 
5BN-2 
'MOTS/SPEOPTS 06s.: GEOS-1 
INTERNATIONAL CAMERAS. 
SATELLITE NO. 
ID ARCS -
64001 1 
620601 
640841 
650321 
6001 31 
6701 11 
670141 
600092 
650891 
680021 
630261 
61 01 62 
610281 
65081 1 
660051 
650781 
660631 
620291 
610151 
59001 2 
59001 1 
590071 
630492 
7 
40 
4 
22 
12 
4 
9 
18 
28 
24 
5 
9 
20 
7 
4 
4 
4 
16 
' 14 
11 
5 
15 
5 
NO. 
OBS. -
1005 
4183 
469 
4947 
3375 
902 
6386 
2240 
40855 
25315' 
369 
768 
14879 
461 
1780 
910 
290 
1946 
1316 
379 
615 
996 
355 
TOTALS 287 114700 
22100. GEOS-II - 22ooO PLUS 210006s. FROM 
8 
9 
n m  0 - ID 
Q z 
a 
2 2  
c 
0 
0 
m 8 0 e R 
8 
%? 
8 1 
0 
Y 
f 
9 
.) 
t 
11) 
Q r 
w 
c I 
5 
m 
f 
Y 
0 
t 
a 
$ 
m 
2 
e a 
t 
t' 
c 
0 
i 
y1 
A 
I 
t 
a 
5 
* -  
0 < a 
f '  f 
E 
W 
E 
0 
I O  
2.2 SURFACE GRAVITY DATA 
A set of 1654 equal area So mean gravity anomalies (Rapp, 19771, have 
been used along with the satellite tracking data in @w combination solution GEM 
IO. The data is based upon approximately 38,000 1' mean gravity anomalies 
(Figure 13). Accuracy estimates for the 5' mean anomalies are depicted in 
Figure 1. Of the 1654 5' mean anomalies, 1507 were based directly on the 1' 
anodl ies whis  the remqjning 147 5' means were obtained by interpolatian. The 
distribution of the number (N) of 1' anom&s within a 5' block i s  shown in Table 
5 along with accuracy estimates of the 5' means. Only 625 of the 5' blocks 
contain a full set of 1' mean (observed) anomalies. 
I I  

TABLE 5. AVERAGE ACCURACY OF 5OMEAN ANOMALIES COMPARED TO 
THE NUMBER (N) OF 1OANOMALIES WITHIN THE 5O BLOCK 
N - 
25 
20 - 24 
15 - 19 
10 - 14 
5 - 9  
1 - 4  
0 
NUMBER OF 
5O MEANS 
625 
310 
177 
151 
114 
100 
147' 
TOTAL 1654 
AVERAGE 
ACCURACY 
(MGALS) 
2.5 
3.5 
5.3 
7.2 
10.0 
14.0 
17.0 
*INTERPOLATED FROM NEIGHBORING 5' ANOMALIES. 
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3. MODELING TECHNIQUES AND RESULTS 
The basic modeling techniques employed for the orbital, geopotential, 
and station solutions are given in detail by Lerch et al, 1974. In this section we 
present the GEM 9 and I O  solutions for the potential coefficients and station 
coordinates along with a discussion of the new techniques employed. We also 
present and discuss solutions for fundamental geodetic reference parameters: 
the mean radius of the earth (ae), tbe gruvitational constant (GM), and mean 
equatorial gravity (g ). e 
3. I GEOPOTENTIAL 
The gravitutional potential was modeled in terms of spherical harmonics 
a; follows: 
<$$ 
I 
+ SPmSinmhl I 
where GM i s  the earth's qravitational constant incltrding the atmosphxe, ae i s  
the earth's meun equatorial radius, P J ~  is the fully normalized associated 
Legendre function of degree 
are the distance from the center of mass, latitude and longitude. The normalized 
potential coefficients (Clm, Sirn)  for GEM 9 and 10 are listed in Tables 6 and 7. 
Using these potential models in Brun's formula (Heiskanen and Moritz, 1967) 
geoids are computed and presented in Figures 2 and 3. 
and order m (e.g., Kaula, 1?66, p. 7) and r,o,X 
17 
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3.2 COLLOCATION 
The major innovation in GEM 9 over previous Coddard Earth Models was 
the use of "least squares collocation" (Moritz, 1972), which allowed the extension 
of the satellite field to 20 x 20. In this procedure we employed an approach 
similar to that of Rapp 11973; eq. 13). Conventional least squares simply 
minimizes the observation residuals (noise); the results of such an approach are 
described graphically in Figure 4 for gravity model recovery. In this figure the 
solution without any constraints (simple least squoresj diverges at high degrees 
from the independent surface gravity data used to test it. The high correlation 
between certain high degree and order coefficients is  the problem which causes 
an excessive adjustment of the coefficients in the solution. Least squares 
collocation essentially minimizes both the signal (e.g., harmonic coefficients) and 
the noise (observation residuals), thus controlling the excessive adjustment. 
First, we present the technique. The result of i t s  application for GEM 9 and the 
result of other tests shown in Figure 4 are then discussed. 
The principle of collocation is to minimize 
I I -  r W r + s  W s z Q  
with respect to the unknowns x, where 
x -  
r -  
w -  
s -  
- 
w -  
geopotential, station and orbit parameters 
satellite observation residuals 
diagonal weight matrix for satellite observatian residuals 
s reprezenting a signal, harmonic (potential) coef f i cien 
subset of x 
diagonal weight matrix w i th  elements 
where ' s ( l , rn )  = IO / I  -5 2 
2 
1 . S  
( I )  
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FIGURE 4. COMPARLSOII OF TRUNCATED GEM 9 SATELLITE DERIVED FIELDS 
USING DIFFERILG LEVELS OF COLLOCATION WITH SURF4CE GRAVITY DATA 
MEAN SOUARE RESIDUAL 15O MEAN ANOMALY - GEM) FOR 6% 5OBLOCKS 
WITH FULL l°COVERAGE 
I 
I 
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TRUNCATION OF FIELD A T  DEGREE ![I 
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Let  s represent a subset of the poiel;ti=rl coefficients wi th the purt i t ion 
Y =  [:J (2) 
and using the linearized forms from Taylor's series 
* 
r z r - A L y  - B A S  (where A and B are matrices 
(3) of part ial  derivatives) 
0 
s = s + AS, \ 
0 '\ 
then minimizing Q in ( I )  above gives the normal equations \ 
\ 
Allowiny for a scale ractor w to  adjust the relat ive weighting between W and \F\r 
above, we have 
W = w Wo (Wo is the formal weight matrix) 
- 2  2 w = f / f  
where f is an estimate for scaling up the standard devia, ions ( y o #  of t h e  potential 
coefficients impl ic i t  in the satell i te normal equations and f i s  a corrmponding 
estimate for scaling the rms s;Le coefficient ( ) as given hy Kalila's rule. Rased 
upon the size of the coefficients and the scaling of their stondord prrors ifo GFM 
I, we used f =fi and f = f i g i v i n g  w I .05 in GEM 9 .  
S 
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TABLE 8. RATIO OF DIAGCNAL TERMS td) OF THE SATELLITE NORMAL MATRIX 
IN GEM 9 TO THE DIAGONAL TERMS (d) OF THE SIGNAL MATRIX 
d = (10-5/u"2)-z FOR DEGREE 1.  
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
!= 16 -- p =  12 
1,000,000 
80,000 
13,000 
10,Ooo 
5,000 
8,000 
2,500 
10,000 
4,000 
13,000 
23,000 
20,000 
1 ~ , O O O  
250,000 
6,000 
2,500 
2,000 
1,000 
800 
1,300 
300 
1,300 
800 
1,600 
2,500 
25,000 
40,000 
630,000 
100,000 
600 
p -  20 
20,oco 
630 
630 
200 
200 
160 
160 
160 
a0 
250 
a0 
40C 
4,000 
16,000 
63,000 
2,500 
1 ,fiOO 
800 
310 
80 
25 
'C and S tesseral terms are essentially the  same. 
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Since the signal matrix contains only diagor,al terms which were added to 
the data matrix it is interestilig to compote their relative sizes. As seen from 
Table 8, the satellite unscaled normal equations (B Wof3 have considerably 
larger diagonal terms (even out to degree 20) than the signal matrix W, which is 
s t i l l  true even after w = .05 is applied. This demonstrates that our application of 
collocation can have a significant effect o n l y  by indirectiy controlling ill- 
conditioned vectors (correlation effects) in the system. 
T 
Collocation was applied to the coefficient subset for degree u' > 12 
except for resonant terms of order 12, 13, and 14. 
Figvre 4 shows the improvement when col!ocotion i s  applied to terms 
above degree 12 compared to those when applied above degree 16. The former 
solution was choseii as GEM 9. Interestingly, when collocation was applied to 
terms above degree 8, the results were almost the some indicating that this 
method was unnecessary for the lower part of The recovered geopotentiol. The 
results for GEM 7 in Figure 4 show tk,;sl simple least squares con provide a 
reasonable satellite solution complete to 16 x 16. A solution similar to GEM ? 
(16 x 16, no collocation) was obtained using the GEM 9 data, giving resuits 
comparable to GEM 7 within one rngoL2 Hence, vditbout controlling matrix ill- 
conditioning i t  is mlikely that woridwide geopotential improvement would hove 
resulted using the new &?a. GEM :O was also derived using the collocation 
tr?chn;que applied to the coefficients above degree 12. GEM IO i s  complete to 22 
x 22. I1 is important to notP (as mentioned above) that collocation \vas not 
app'ied to the resonance terms (m = 12, 13 and 14). 
3.3 DETERM!NATION OF GM 
The simvitaneous determination of GM with the geopotential and station 
positions wcs performed. Table 9 describes additional tests which were made to 
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TABLE 9. 
GM DERIVED FROM SATELLITE LASER DATA 
NO. OF 
SATE LLlTc GM (km3/sec2) 5-DAY ARCS NO. OF OB$. 
LAGEOS 398600.64 11 =.OOo 
STAR LETTE 0.70 26 =.ooo iGEOS-3 0.84 38 *.ooo 
COMBINED 3936w.64 
SUBSETS 
STAR LETTE 
STARLETTE 
STAR LETTE 
GEOS-3 
--
GEOS-3 
LAGEOS 
LAGEOS 
GM 
398600.44 
0.87 
0.73 
0.65 
0.92 
0.64 
0.65 
- NO. OF ARCS 
9 
9 
8 
18 
16 
5 
6 
NO. OF OBS. 
12.000 
lO.Oo0 
6.000 
33.0oO -.- 
16.000 
9.oOO 
LAGEOS SUBSETS 
OETERMlNED 
GM (km3/wx2) 
LAGEOS Ir4OlVlOUAt. EtEVEH ARCS 
1 
2 
3 
4 
5 
6 
7. 
8 
9 
10 
11 
ARCS 1 THROUGH 6 (6 arcs) 
ARCS 7 THROUGH 11 (5 o r a )  
WORST CASE (from LAGEOSl 
6 HIGH GM ARCS 
6 LOW GM ARCS 
-
ALL DATA 
-635 
.567 
538 
-682 
-664 
.687 
.493 
-641 
.602 
-647 
.829 
.m 
647 
-661 
-61 1 
398600.638 
FORMAL 
STANDARC 
ERROR 
( km3/sec2) 
-014 
-054 
-020 
.095 
.011 
.020 
.431 
.032 
.016 
.019 
.020 
.007 
.a 
.mi 
.008 
.005 
NO. OF 
06s. 
2.037 
651 
2,830 
1,167 
2.203 
2.037 
1,676 
1,492 
6,021 
1,481 
3.634 
10,880 
14.259 
11,960 
13.1 79 
25,139 
*Idvertantly, this was only 8 10 hour arc. 
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evaluate wlutions for GM where m l y  stiltion coordinates and orbit pcrametert 
are solved simultaneously with CM. The speed of light used was 299792.5 
km/sec. The estimation of GM was exclusively from laser tracking data. The 
presence of LAGEOS dominated the determination, and the CM results obtained 
were repeated using the LAGEOS data by itself. The value of GM is 398600.64 
km /sec for all I I LACEOS arcs. LAGEOS not only dominated the combination 
solution, but in the subset solutions it also gave much more consistent results 
than either GEOS-3 or Startette. This is because the high altitude of LAGEOS 
provides good geometry and dynamics for estimating CM with separability for 
station cwrdinates. The individual LAGEOS arcs shown in Table 9 were 
recombined taking the highest 6 determined values for one solution and the 
remaining 5 lowest values in a second solution. These two "worst case" solutions 
were both within .03 of the above value of GM, whereas a typical set of arcs 
(first 6 a d  last 5) are within .008 of this value. Based upon these results and the 
formal uncertainty of .005 for the t o t d  solution value (398600.641, the value of 
.02 was selected as a conservative estimate of the uncertainty for CM. 
3 2  
3.4 MODIFIED TREATMENT OF THE SURfACE GRAVITY DATA 
FOR INCLUSION INTO GEM 10 
Another major innovation over previous GEM solutions is in tSe 
treatment of the surface gravimetry. In GEM IO  the surface gravity data has 
less overall weight than in previous GEM combination solutions. For the GEM IO 
solution, an additional 5 mgal WJS added to each individual observation 
uncertainty. This 5 mgal uncertainty was used to represent the urtinodeled 
truncation error for 5 mean anomalies when solvins ior a 22 x 22 field. This 
weighting scheme had the benefit of making the data quality more uniform over 
the globe than in previous models. The result was o solution which agrpcd with 
the gravimetry over the Oceans about as well as over land. More importantly, 
agreement with worldwide altimetry *as superior with this more uniform 
weighting (see later Section 4.4). 
0 
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3.5 STATION COORDINATES AND CE03ETIC REFERENCE PARAMETERS 
GEM 9 ond IO simultaneously determined the center of mass positions for 
146 tracking stations. These station coordinates for GEM I O  are preserted in 
Table IO. Table I I compares the GEM 10 station positions with those estimated 
by Marsh (1977) for the Calibration Area lasers. The geocentric station 
coordinate differences are seen to be about I m in these results. These results 
indicate the highly accurate faser station coordinates have been obtained, with 
uncertainties being significantly less than 3 m given in Lerch et 01, 1974. 
Three methods were used to derive a mean value of the semi-major axis, 
a of the earth's reference ellipsoid, all of which agree to within one n;eter of 
a = 6378140 m. These results made use of reference parameters such as GM, 
equatorial gravity (9,) and ellipsoidal flattening. These parameters are all 
compared in Section 3.5.4 with the set adopted by a special study group of the 
IAG in 1975. 
e' 
e 
3.5.1 ae Derived from the GEM IO Station Coordinates and Their Mean 
Sea Level Surveyed Heights 
Station coordinates and mean sea level heights from survey were used 
and gave a 16378139.9 - + 1.5 m (Table 12). Subset solutions presented in Table 
12 for the different tracking systems all agree to within one meter of the meOn 
value except for the Baker-Nunn sites which dif:er by 2.9 m. There results are 
based upon the followhg formula: 
e 
hi - MSL Hi - Ni 
L 
a - a  (reference) = e e  
I = I  
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TABLE 10. STATION COORDINATES OF GEM 10 he - 6378145m.. l/t = 298.2551 
132 1 
1 0 2  2 
1 0 2 4  
lr)? Y 
l U 3 C  
1 0 3  1 
1@32 
1 0 3  3 
LO 3 4  
1035 
10 + 4  
10 37 
lOlH 
l G 4  2 
134 3 
1 1 2 2  
1 1 7 3  
1 1 3 6  
1128 
1 1 5 2  
1 3 3 2  
1 3 3 4  
1308  
1 3 1 ?  
1 3 1 4  
1516 
1 7 7 3  
1 3 2 4  
1325 
1328 
1371  
1 4 7 5  
1 3 7 7  
1 % J 1  
200 1 
203 
2OOR 
2 0 1  3 
282 54 
2 7 6  8 
136 5 2  
289 1.4 
2 4 3  5 
27  b? 
3 0 7  16 
2 1 2  Y 
26? 5'1 
3 5 9  1 s  
21.2 28 
2 i 7  7 
1 4 8  5 7  
2 7 7  7 
4 7  17  
4 7  1 P  
i r  
2 7 7  7 
2 1 2  2 9  
I 1 3  4 2  
2 9 s  20 
344  i l  
1 1 %  4 3  
205  2 0  
2 4 4  7 
2 6 2  3 7  
3 3 5  4 3  
144  44 
14tl 5 H  
2 4 5  7 
2 7 9  1 H  
345 4c 
2 P 3  -4 
2 8 3  
2 8 7  b 
L b :  1 4  
3 1 4  7 
1 4 1  19 
49. 087  
4.616 
15- 624 
5 3 . 9 2 9  
59.673 
2 6 .  b 38 
4 6 . 7 9 1  
37.760 
201 1 5 4  
9 .923  
3 1 - 4 8 1  
41.R11 
14 '896 
41.  5 7 9  
5 9 . 6 6 7  
11 5 14  
1 1 . 0 1 6  
2 t , P \ J 2  
1 3 . 4 6 8  
53 ,670  
5 8 , 3 7 6  
32.077 
5 , 4 7 8  
$ 7 -  302 
3u. Y 9 1  
5 3 , 9 3 0  
l ?  . '42R 
40,493 
3 4 . 8 7 0  
23.F6R 
77.557 
Z f  0 Clh4 
2 3 .  ci')4 
7 . 5 2 3  
54.t50; 
4'8. 6Rh 
5 1 .  123  
31 7 2 8  
HEICkT 
METERS 
- 3 8  - 8  
- 2 5  06 
1 3 1  - 3  
7 1 9 - 1  
P93.9 
1546.6 
70.1 
1 7 4  - 2  
2 2 4  - 2  
111.5 
301.7 
8 7 3  - 4  
944 05 
1 3 7 1  -6 
a72.3  
$ 3 7  06 
349 0 1 
12 -0 
- 1 6 - 9  
1 9 3  -5 
1 6 - 5  
1158.1  
924 -4 
-34.3 
826.8 
136  - 6  
1 1 3 R . 5  
9 3 1  -6 
-3ct.2 
551.5 
l a  00 
16.3 
1 1 9 . 3  
1 1 6 5 . 5  
5 9 5 . 6  
4 5  05 
c 
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4NCHOW 
1 AFIJNA 
T W L  EG 
YCMURU 
AUSTIN 
UAHlWA 
LACHES 
L A S h A Y  
A PL HNO 
S R I  1HL 
PRETOR 
ASAHUA 
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lEOlNP 
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1 PUR I O  
lGSFCD 
1 OEYVR 
GOOLAS 
R O S L A S  
lUNOAK 
2014 
2 0 1  7 
2018  
2013  
2092  
2100  
2103  
2 106  
211  1 
2112  
2115  
2117  
2 1 2 1  
2 2 0 3  
2706  
2717  
2722  
2723  
2736 
2739  
2742  
2745 
280Y 
2815 
2817  
2022  
2837  
2 9 1  1 
4 0 5 0  
408 2 
4 7 4 0  
4 7 6 0  
4 8 4 0  
4 8 6 0  
4346  
7034 
7036 
703 7 
70 3 Q  
7040  
7 0 4 3  
704 5 
7050  
705 1 
6 1  
-14 
7 t, 
- 1 7  
30 
7 1  
32 
5 1  
3 4  - 44 
-25 - 14 
14 
17 
-2  
-4 
-7  
-12  
4 1  
52  
3 9 
33 
- 4 b  
5 
T h  
12 
-5 
5 9  
-25 
28 
32 
32 
37 
37 - 3 0  
48 
36 
38 
32 
18 
3 9  
3 9  
3Y 
35 
17 
11 
32 
5 0 
17 
31 
16 
11 
3 
40 
5h  
13 
59 
51 
4 7  
40 
58 
11 
11 
42 
1 
25 
24 
?b 
14 
7 
54 
9 
56 
35 
20 
20 
50 
51 
49 
1 
22 
53 
21 
14 
1 
38 
1 
11 
TABLE 10. ( ~ ~ ~ ? ~ I N I o c I )  
0 .(I52 
50.191 
19 .Y 33 
51 .6h7 
13.632 
15.383 
44 0153 
Y.141 
4 H  .? 7 3  
26.262 
4H.170 
5C - 2 5 7  
16.402 
51  -7”)) 
35 0 3 3 4  
13 ,748 
10 -0C6 
44.932 
7.535 
55.761 
3 Y  OH45 
3 1  .7c9 
43 -756 
5 3  l G 4  
26 .218  
57.951 
48.2‘40 
37 -039 
2 9 . 5 3 3  
53.441 
53 -662 
29 394 
37 . 73Y 
5 . 3 2 7  
2 1  m267 
46.646 
53.901 
36.121 
4Y.581 
28 0704 
15.530 
47 0994 
14.073 
41.130 
210  10 29,747 
189 1 7  3.411 
2 Y l  13  530664 
166 4 0  25,699 
262  16  5.217 
2c1; 0 10.710 
253 14 46.220 
353 58 25.656 
283 b 12.323 
E38 3Y 17.124 
l e  20 52.011 
139 17 3.354 
120 4 21.378 
2 8 4  2Y 3 3 . Q 5 5  
55  28  46.R30 
345 3 5  40.876 
96 5 0  3.582 
174 6 40.301 
283 10  2 8 . 3 S R  
169 5 10.453 
1 6 E  18 13.551 
304 4 7  42.609 
5 9  37 44.326 
15 2 6.953 
324 49 56.214 
283 6 14.79Y 
279  2 0  6.371 
295 2 0  46.\381 
284 30 51.933 
284  2 9  24.704 
13a 50 16.993 
i w  20 4 . e 9 0  
240 39 43.542 
28 2 1  29,138 
295 2@ 46,251 
262 59 26.298 
2 6 1  4 0  7.937 
267  4 7  41.524 
295 20 35,618 
294  0 24.056 
283 10 21.096 
255 2 3  39.299 
277 7 27.050 
283  10 19,337 
66 - 0  
35 07 
57.9 
-19.8 
1 5 6 - 9  
403.4 
1166.1 
222  - 3  
100 09 
2?.7 
1597.0 
40.3 
58  07 
-32.1 
27.3 
5 C R  .6 
92.1 
-22 09 
338 .2 
4 3  - 4  
R 00 
9.3 
-0 03  
-6 .8 
967.7 
312.0 
30 00 
112.2 
1573.8 
-34  09 
-29 -6 
-26.3 
-36 -4 
-37.6 
6 8 - 3  
2 2 1  05 
29.1 
2 3 6 . 0  
-4  09 
1.9 
1 3  .2 
1766.7 
12 .9 
8 4 8 . 3  
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TABLE 10. (contiwd) 
WALL A S  
MGUL A 5  
CRML A S  
Gr.1  SLS 
5 T A L  A 5  
ML0307 
R D l L h l  
S H K L A S  
1 JlJM24 
1 JUM40 
1 JUPC 1 
1 JLf!C4 
1 SUDFI4 
1 J A M A C  
1 GC; FCtq 
W A L s l O l  
1CARVN 
OAKLAS 
G R A S S E  
I I R S L A S  
O L I L A 5  
ARELAS 
HIIPL A S  
N A T  L 45 
SREL A S  
OELFTt4 
MALVHht 
HAUTfP 
'JICEFR 
MUDON1 
1 G R G A N  
lOLFAN 
WClJMEH 
1 SPA 14 
1 TOK VT] 
lUUIPA 
1 S t i R A L  
1 COR AC 
1 J b P T R  
l V l L U 0  
1 M A l J I O  
H A U L  n: 
L I M w j  
1IdATAL 
7052  
713i 3 
7054 
7 :I t. 0 
706 3 
7Gt 5 
7 ~ ~ 6 7  
707 1 
70  7 2 
7 3 7  3 
7 0 7 4  
7075  
7 0 7 6  
7077  
707R 
707Y 
7833 
7 8 2 0  
7 8 4 2  
733  1 
7 9 b 2  
790 7 
732 1 
7 $3 2 9 
7') 5 Q  
80b 4 
R G l d  
a01 1 
e o 1 5  
8013 
80 30 
YO0 1 
9012 
900 3 
9004 
90:) 5 
900 6 
300 7 
900 H 
9 0 q Y  
901c 
Y O 1  1 
'301 2 
7i)ba 
3 1  5 1  55oHC;6 
3 L 1  1 15 . C 6 L  
-24 54 15.095 
1 3  19 43.751 
$9 L 13 .748  
3 1  1 14-41'2 
42 21 13.767 
7 7  1 13.666 
27  1 14.2G2 
27 1 14.714 
46 27  ? 1 - 2 5 9  
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TABLE 12. THE MEAN EQUATORIAL RADlUS O f  THE EARTH (ae) 
DETERMINED FROM TRACKING STATION COORDINATES 
TRAGKING 
SYSTEM 
MOTS/SPE3PTS 
CAMERAS 
BAKER-NUNN 
CAMERAS 
LASERS 
DOPPLER 
ALL SYSTEMS 
NUMBER 
OF 
STATIDNS -- 
31 
27 
16 
23 
114 
_. 
ESTIMATED 
ae 
(meters) 
6378140.8 
6378142.8 
6378 139.0 
6378 139.4 
6378 139.9 
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where 
h - height of station above reference ellipsoid 
L - number of stations 
MSLH - mean sea level height of station from survey 
N - geoid height of station. 
A detailed gravimetric geoid model based upon GEM I O  was used for 
estimating the geoid heigt-.ts. The short wavelength features of this geoid 
provided predomiqantly positive momalies of 3 to I O  meters at a number of the 
stations, particularly those situated on Islands. The geoid was obtained privately 
from Marsh, and the method (which employed Stokes' function) i s  described in 
Marsh et at, 1976. 
3.5.2 ae Inferred from GEOS-3 Intensive Mode Altimetry 
GEOS-3 intensive mode altimetry was utilized for estimating the mean 
equatorial radius of the earth. The altimetry data set was selected for a So 
gridded distribution. These dato were reduced in five day orbital arcs in which 
both laser and altimetry contributed to the determination of the orbit. GEM I O  
was used for the orbit and geoid computation. A single altimeter range bias was 
estimated from the altimeter residuals for each of these arcs. This altimeter 
bias contains all altimeter system biases along wi th  the average error in the 
mean equatorial radius of the ellipsoid being used to compute the altimeter 
residuals. Martin (1977) has calibrated the intensive mode altimeter and finds it 
to measure short by 5.3 meters w i t h  a small uncertainty of 20 cm. Using this 
value for the system bias in the altimetry, the a implied from ten five day arcs 
of altimetry i s  6378141.0 m. These results are sunmarized in Table 13. A 
second important result +o be noted in Table 13 i s  the exceptionally good f i t  to 
the altimeter data obtained using the GEM 10 geoid. GEM i o  did not use 
altimetry in i t s  solution so this result can be viewed IS a calibration of GEM IO. 
e 
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TABLE 13. ESTIMATION OF THE MEAN EQUATORIAL RADIUS OF THE EARTH 
FROM GEOS-3 INTENSIVE MODE ALTIMETRY 
ARC EPOCH 
ARC LENGTH 
(DAYS) 
NO. OF 
ALT. OBS. 
750616 
750621 
750527 
750601 
750701 
75071 6 
750730 
750803 
750015 
759825 
TOTAL/ 
AVERAGE 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
2305 
5454 
21 39 
549 
328 
2251 
3465 
3555 
21 54 
2229 
24429 
ALTIMETER 
RMSOF FIT 
(METERS) - 
2.27 
2.57 
2.22 
2.67 
1.64 
2.78 
2.04 
2.50 
2.55 
2.63 
2.46 
a, IMPLIED 
BY RECOVERED 
ALT. BIAS 
6378OOO + m 
~ 
140.5 
140.8 
140.5 
142.1 
141.8 
140.7 
140.9 
141.8 
140.4 
140.5 
141.0 
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3.5.3 ae Inferred From Mean Equatorial Gravity (g,) and GM 
A third method for estimating ae is based upon a new value of equotoriol 
gravity ge, derived in GEM IO from surface gravity data, and new value of GM. 
From the simple relation 
GM 
the variational relationship becomes 
a 
e GM 9, 
or 
9y using the old and new values af the reference parameters and bv 
removing the alvospheric mass ( -  = .87 x I O  ) from the new satellite 
derived value of GM (398600.64 km /sec ), the adjustment for ae i s  derived from 
the above equation. The result for ae and x.sociated reference parameterpwre 
given below in Table 14. The parameters refer to the old speed of light (C). 
X M  -6 
P 2 
45 
TABLE 14. GEODETIC REFERENCE PARAMETERS 
-- 0LD NEW ACCURACY PARAMETER 
GM* 398600.8 398600.29 - + .02 km3/sec2 
ge 378031 .O 978031.5 - r .5mgal 
+ 1.5m 6378139.3 - 6378145 
"Excluder the atmospheric miss and refers to c = 299792500 m/s. 
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3.5.4 Comparison af Fundamental GEM 10 Reference Parameters W i t h  
Those Adopted by the IAC ( 1975) 
The GEM IO reference parameters described in Section 3.5.3 are in 
remarkable agreement with the set established by a special study group of the 
IAG (Moritz, 1975). The GEM IO vaiues are adjusted to the IAC system by 
including in CM the atmospheric mass and the new speed of light (c = 299792458 
m/sec). The GEM 10 adopted ae is the composite vnlue obtained from Sections 
3.5. I, 3.5.2, and 3.5.3 (oe = 6378 140.). The GEM I O  values in the IAC system are 
compared to those adopted by The IAC in Table IS. The differences shown in 
Table 15 are very consistent with the uncertainties which have been ztated for 
the parameters derived in the GEM 10 solution. 
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TABLE 15. COMPARISON OF THE IAG 1975 AND GEM 10 
GEODETIC PARAMETERS 
PARAMETER IAG 75 -- 
GM' 398600.5 
978031.8 9e 
1 /f La8.257 
6378140 'e 
C 299792458 
GEbi 10 
398600.47 
978031 -8 
298.255 
6378140 
UNITS -
3 2  km lsec 
m 
m/Kc 
*Includes atmospheric mass (AGM = 35) and NW speed of light (AGM = -.17). 
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SECTION 4. . . . . . . . . . . EVALUATION OF THE GRAVITY FIELD - 

4. EVALUATION OF THE GRAVITY FIELD 
4. I ERROR ESTIMATES OF THE WTENTIAL COEFFICIENTS 
It is a1wa)s of interest to know the accuracy of a computed physical 
quantity as distinct from i t s  formal precision measured by an experiment. In the 
case of comprehensive gravity model solutions, it has been shown by Lerch et a1 
(1974) and Waqer (1976) that the formal uncertainties obtained from the 
solutions con be scaled to obtain reasonable estimates of the true uncertainties 
for the individual coefficients themselves. As indicated in equation 6 of Section 
3.2 a scale factor, f = Y I O ,  was applied to the system of normal equations of 
GEM 9 and 10 in order to provide for realistic standard errors. We wish to test 
these error estimates here. Toble 16 presents the coefficient errors for the GEM 
9 solution; the values in Table 16 represent the scaled error estimates 
(normalized) Tor the GEM 9 harmonics. Table 17 presents the estimated errors 
for the harmonics in the GEM 10 model. These error estimates were tested in 
three separate studies. We especially wished to confirm that a truly significant 
improvement has been obtained over previous GEM solutions for terms above 
degree I2 (which is indicated by significantly smaller uncertainties in GEM 9 and 
IO). 
Rapp (1977) has estimated the terrestrial potential solely from surface 
Therefore, his model i s  completely independent of GEM 9 which was 
Rapp's model was used to 
data. 
derived exclusively from satellite tracking data. 
calibrate the formal errors ascribed to the GEM 9 and IO solutions. 
Figure S presents the estimated vncertainties from Rapp and GEM 9 
compared to  the size of the coetficients from "Kaula's rule," and those computed 
from these two solutions themselves. 
QRECEDING PAGE BLANK NOT FILMED 
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Figure 6 is o calibration of the actual coefficient differences between 
the Rapp and GEM models compared to their estimated uncertainties. The low 
degree and order terms (! < 12) in the Rapp model are not well determined from 
the gravimetry. The level of agreement between the uncertainties of the 
coefficients and the actual coefficimt differences for the Rapp and GEM 9 
solutions (as exhibited in Figure 6 )  is  remarkably good. I t  shows that the error 
eslImates for the high degree terms (Table 16) are realistic. 
Surface gravity data (the 5' mean anomalies employed in GEM IO) were 
used as a second method to test the standard deviations of GEM 9. Commission 
errors (n,) of gravity anomaly due to errors in the GEM 9 model were derived 
from the gravity data based upon Kaula's statistics, (Kaula, 1966a). A scale 
factor f was computed to calibrate the standard deviations in GEM 9 as follows: 
where 1 = 978000 mgal. Results are 
the various subsets of data and they 
given in Table 18 
verify the GEM 9 
which are consistent for 
standard errors within a 
20% tolerance. The commission error of gravity anomaly based upon the GEM 9 
standard errors are plotted in Figure 7 as a function of the harmonics complete 
through degree 1. 
A third approach using laser residuals was employed for testing the 
standard errors for the coefficients. The ORbital - - ANalysis Program (ORAN, 
Martin, 1970) was used to integrate these coefficient errors as a gravity error 
model. The total estimated gravity error was propagated into simulated Grand 
Turk laser observations contained within a five day orbital reduction. High 
correlation in the errors of the zonal and resonance terms (m = 0, 13 and 14) 
required the elimination of their effects from the experiment. Al l  other terms 
were included in the GEM I O  error model. 
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TABLE 18. CALIBRATION FACTOR (fI FOR GEM 9 STANDARD ERRORS BASED UPON 
COMMISSION WRORS (ut) FROM 5' MEAN GRAVITY ANOMALIES 
NO. OF 5O 
MEAN 
ANOMALIES f 
622 
932 
1109 
1260 
1404 
?s 
20 
15 
10 
5 
4.8 
5.0 
5.2 
5.3 
5.6 
1.1 
1.1 
1.1 
1.2 
1.2 
"N is the number of 1' observed anomalies used in computing the 5' mean gravity anomaly. 
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FIGURE 7. COMMISSION ERROR OF GRAVITY ANOMALY 
BASED UPON GEM 9 STANDARD ERROR? 
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A five day orbit was computed using GEM IO f i tt ing the laser 
observations from August 4th to 9th, 1975. In this orbit, the laser data from 
Grand Turk (station No. 7068) was given zero weight and thereby did not 
contribute to the solution. The RMS (Root Mean Square of the residuals) f i t  to 
the Grand Turk Observations, although unweighted in the solution, yielded an 
RMS of only 82 cm. in all, there were ten passes (2243 observations) of Grand 
Turk data. 
The estimated RMS predicted by ORAN for the GEM I O  gravity error 
contribution for all the Grand Turk measurement residuals was 78 cm. Gravity 
model error i s  the dominant error source in this test. The agreement between 
the ORAN simulation and the actual orbital f i t  to the Grand Turk data indicates 
that the standard errors for the coefficients are reasonable. An analysis similar 
to the above for estimating a gravity error model using ORAN is  found in Martin 
and Roy, 1972. 
4.2 EVALUATION USING SURFACE GRAVIMETRY 
Surface gravity measurements are an important source of independent 
information for evaluating a global comprehensive gravity field. GEM 5, and IO 
hove been extensively Ztudied using surface gravimetry. Figure 8 shows a 
ccdmparisan of recent GEM models with surface gravity. The GEM 9 field i s  in 
closer agreement with the independent surface gravity than any previous GEM 
satellite field. GEM 9 is in even closer agreement with this new surfuce 
gavimetry than the GEM 6 (Lerch, e t  ai, IP74) combination solution. GEM IO 
$so out-performs GEM 8. This is encouraging given the lower weight for the 
surface data (as discussed earlier) in GEM IO. Fiyure 9 compares recent surface 
gravity data sets with GEM 9.  Quite clearly, the agreement between satellite 
and surface information i s  irnproving w i t h  time. 
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Some recent combination solutions are: Coddard Space Flight Center - 
GEM IO, GEM 8, PGS 110 and GEM 8.1; the Smithsoniari Astrophysical 
Observatory -SA0 4.3 (Gaposchkin, 19763; and GRIM 2 (Ehlmino, 1976). These are 
compared to the Rapp, 1977 surface gravimetry (Figure IO). GEM 8.1 i s  a repeat 
of the GEM 8 solution us'ag the new approach (described in Section 3.4) for 
combining the surface data but mcintained ?he GEM d weight for the total data 
set. PGS 110 is a repeat of the GEM 8 solution but complete to 30 x 30 instead of 
25 x 25. While GEM IO performs very well, the relative weight of the surface 
data in GEM 8.1 was larger t h  GEM IO. Therefore, GEM 8.1 os would be 
expected agrees better with the surface data than does GEM IO. 
Table 19 shows the degree vrlriances of the gravity onomalies from 
recent GEM solutions. The impact of the collocation (constraint) i s  noticeable in 
the loss of power in the high degree coefficients of GEM 9 and !O. The high 
degree coefficients in GEM 9 and IO are somewhat smaller than their 
counterparts in recent GEM sollttions. 
4.3 EVALUATIC'I OF THE FPEE AIR GRAVITY ANOMALIES DERIVED 
FROM GEM ; AND IO  
A free air gravity anomaly map was computed from the complete GEM 9 
and 10 sets of coefficients. These maps are presented in Figures I I and 12 
respectively. They are remarkably similar. A lmxt  all gravity features are 
found in the same geographical iocation in these models, but +.iere are occasionoi 
significant differences in the amplitudes for the indicated anomalies. Generally, 
when there i s  a significant difference in amplitude between the two fields, GEM 
10 shows anomalies with larger peak amplitudes. This i s  due to  the surtace 
gravity data providing greater definition of localized features. .2n example of 
this con be found over the Andes Morrntains in South America. Roth fields stlow 
nearly identical placement for the anomal* 5igh in the Andes region, but in GEM 
10 the peuk i s  about 5 mgals larger. 
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TABLE 19. DEGREE VARtANCES Of  GRAVITY ANOMALIES IN M A L 2  
DEGREE t!) 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
m 
21 
22 
23 
24 
25 
28 
27 
m 
29 
Jo 
GEM7 
33.6 
19.5 
21.1 
18.8 
19.4 
11.2 
11.4 
10.1 
7.7 
36  
11.1 
6.2 
5.4 
5.7 
1.7 
1.7 
1.1 
1.3 
1 .o 
0.5 
0.2 
0.2 
0.6 
0.7 
1 .o 
a.6 
2.1 
0.0 
GEM8 
33.7 
19.6 
21.1 
19.1 
18.3 
10.2 
11.2 
9.8 
7.3 
3.2 
6.5 
3.3 
4.5 
3.5 
6.9 
5.0 
9.4 
8.4 
5.9 
5.9 
7.1 
8.7 
6.9 
0.2 
1.6 
3.8 
2.8 
0.0 
GEM8.1 
a 7  
19.5 
20.9 
19.0 
18.5 
10.2 
10.9 
10.2 
7.1 
3.6 
7.3 
3-4 
3.9 
3.4 
5.4 
3.3 
4.6 
3.6 
3.7 
3.4 
3.1 
3.8 
3.3 
0.4 
0.9 
3.5 
2.0 
0.0 
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GEM9 
33.5 
19.5 
-
m. 7 
18.9 
19.3 
11.6 
11.4 
10.0 
6.7 
3.6 
6.5 
4.0 
3.2 
2.3 
2.0 
3.3 
2.9 
2.2 
1.1 
1 .8 
0.5 
0.3 
0.7 
0.0 
0.6 
0.9 
0.6 
1.2 
GEM10 
33.5 
19.6 
20.6 
19.0 
19.1 
11.4 
11.1 
9.7 
6.6 
3.6 
6.2 
3.4 
3.0 
2.6 
2.1 
3.1 
2.8 
2.0 
18 
1.7 
0.5 
0.4 
0.7 
0.0 
0.6 
0.9 
0.6 
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There are basically two ways to independently assess the accuracy of a 
given gravity model. A direct comparison can be made between the satellite 
gravity models over areas where detailed surface gravimetry exists, (such as 
North America, Western Europe and Australia). A second comparison can be 
made between the geoid computed from the gravity model and the geoidal profile 
directly measured by sctellite altimeter experiments. This later approwh i s  
discussed in Section 4.4. The first approxh is discussed below. 
Since the low degree portion of the gravity fields are generally 
recognized as being accurately determined from satellite observations, we have 
concentrated our comparisons on the higher order terms in the model. Figure 13 
presents the geographical distribution of the surface data in Rapp's (1977) 
potential model computed solely from surface data. Rapp's data set of lo x lo 
free air anomalies cover approximately 68% of the earth's surface. Almost two- 
thirds of the measurements are in the northern hemispere, however. 
Figure 14 presents a map of the Rapp free air anomalies computed for 
coefficients of degree 13 to 22 from his model. The contour interval i s  4 mgals. 
The darker areas are those where the free air anomalies are less than -4 mgals. 
The lighter shaded regions are areas with small gravity signal at this wavelength 
being from -4 to +4 mgals. The white areas locate positive anomaly features 
being greater than 4 nigals. The half wavelength for this portion of the gravity 
f ie ld ranges from IS00 to 900 km. 
Figure 15 i s  a similar free air anomaiy map from GEM 9 for coefficients 
of degree 13 to 22. The GEM 9 model i s  completely independent from the model 
computed by Rapp since i t  user ~ I Y  s;tellite tracking data. Figure I6 overIckys 
the boundaries of the Rapp inferred anomalies onto the GEM 9 anornaly map. 
The agreement in terms of the geographical lacation of the anomalies i s  striking. 
Those areas which have good gravimetry show excellent agreement between the 
Rapp model and GEM 9. In almost al l  instances, the discrepancies in this 
comparison occur in those regions where Rapp does not have data (e.g., the 
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southern oceans). This intercomparison demonstrates h a t  the satellite derived 
gravity models are becoming increasingly more accurate in their ability to 
resolve relatively short wavelength gravitational features. The comparisons with 
altimetry presented i r r k t i o n  4.4 confirm this conclusion. 
The relatively high degree portion ( 5 = 13 to 22) of the satellite derived 
gravity field i s  of geophysical interest. Therefore, we have prepared a map 
(Figure 17) of the estimated gravity anomalies of the upper mantle derived from 
GEM I O  with the crustal features removed (using the isostatic model of Khan 
(1973)). This map shows the estimated mantle gravity features of half 
wavelengths ranging from 1500 to 900 km. To facilitate OQ analysis of 
convective processes, we have indicated the tectonic plate boundries obtained 
from Chapple and Tullis, 1977. 
4.4 €VALUATION OF GEM 9 AND 10 USING ALTIMETER DATA 
4.4.1 Evaluation of GEM-9 and I O  Usinq the "Round the World" Data Taker, 
from Skvlab 
The SKYLAE I93 radar altimeter was operated nearly continuously 
around the world an January 31, 1974. This direct measurement of the sea 
surface topography provided for the first time an independent basis for the 
evaluation of a global geoid computed from satellite derived gravity models. The 
models considered were the Goddard Space Flight Center GEM (1-10) models; the 
Smithsonian Astrophysical Observatory SA0 4.3 model, and GRIM 2. This data 
has previously been used by Marsh et. al., 1975 for gravity model evaluation. The 
results obtained in our analysis differ somewhat from those of Marsh. A time tag 
error was discovered in the application of the SKYLRB Airlock Module Time. 
This error bias has been corrected in our tests. The "round the world" data 
consisted of 396 six second smoothed altimeter ranges wttich encircled the world. 
The RMS of f i t  to this data is shown in Figure 18. The 3.16 and 3.01 meter 
residual RMS from GEM 9 and IO, respectively, is quite satisfying. Contained 
within these residuals are: 
72 

FIGURE 18. SKYLAB "ROUND THE WORLD" ALTIMETER 
RESIDUAL RMS BEFORE CORRECTION FOR A TIME TAG ERROR 
H 
Y 
a 
i 
SKYLAB "ROUND THE WORLD" DATA TAKE (RMS - 8 m) 
31 JANUARY 1974 
ALTIMETER RESIDUALS AFTER TIME TAG CORRECTION 
MOOEL 
SURFACE GRAVITY ONLY 
SA04.3 
GRIM2 
GEM 1 
GEM 2 
GEM 3 
GEM 4 
GEM 5 
GEM 6 
GEM 7 
GEM 8 
GEM 9 
GEM 10 
RMS OF 396 ALTIMETER 
OBS. IN METERS 
6.25 
6.21 
5.70 
3.74 
3.91 
4.08 
5.13 
3.89 
4.47 
3.28 
4.57 
3.16 
3.01 
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commission error in the computntion of the sea 
the GEM 9 and I O  coefficients themselves, 
i f x e  from 
omission error in the same computation frcm the models I !  JC 
to their truncation, 
altimeter noire which for SKYLAB was assessee; to be I to 2 
meters, and 
0 orbital error in the radial positioning of SKYLAB. 
The truncation error by itself is estimated to be nearly 2.5 meters. 
4.4.2 Evaluation of GEM 10 using GEOS-3 Intensive Mode Altimeter i3ata -
The GEOS-3 altimeter was 
ing a specified period of a 
erally aperated over specific geographic 
weeks. These areas were varied over 
time sa that a global data set could be compiled from the total complement 
of acquired GEOS-3 altimeter passes. This type of data accumulation does 
not lend itself to the global cdibration of a graviiy model. The time requiring 
precision orbit determination with all the data would be about a year. However, 
dcring February ar.d March of 1976, the altimeter was operated in a r-,rt*e continucus 
fashion and a reasonable, although not completely global, distribution of altimetry 
is available. 
A test to independently assess the accuracy of the geoid from some 
recent gravity models was designed. Two five-day orbital arcs were reduced 
during this concenti-ated tracking period. The first extended from Februory 
29 :o March 4, 1976 while the second was from March 10 to 15, 1976. Each 
orbit determination made use Q f  all the laser and intensive mode altimeter 
data availoble during these intervals. Figure 19 shows the distribution of the 
altimeter passes which were employed in the two solutions. 
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The five day orbits were determined using the compiete GEM IO, SA@ 
4.3 and GEM 8 gravity models. The reference geoid used in computing the 
altimeter tneasurement residuals came from these r r d l s  respectively. Only 
intensive mode altimetry was used; a sirgle bias representing the mismodeling of 
ae and instrument bias was solved for ir? each of the 5 day arcs. 
Table 20 summarizes the RMS of f i t  to the 10750 altimeter observations 
contained within the two five day arcs. The GEM IO  results were excellent; they 
showed an even clcser agreement between the GEM I O  geoid and the a!timeter 
profiles than was seen in the SKYLAB comparisons (Section 4.4.1). The GF.M 10 
results are compietely consistent with those presented in kc t i on  3.5.2 for 10 
five day arcs having less globally distributed data. T k  way this test was 
performed makes it difficult to attribute the poorer resuits obtained f r o m  S A 0  
4.3 and GEM 8 to geoid error. Orbital error i s  also contained within the residuais 
from the respective models and probobly contributes a sizable amoam? to the 
toto: residual RMS obtained. 
On the other hand, analysis of 42 short arcs (10-20 min./arc) data in 
which the orbital errors were removed empirically show significant impovetnerd 
in the geoid from GEM 9 and I O  over GEM 7 ond 8. Residuals of altimeter 
derived sea surface with geoid heights from these fields in these g!oboi!y 
distribute6 arcs were 3.30 m for GEM 8, 2.85 m for GEM 7, 2.46 m for GEM 9 
and 2.52 m for GEM IO. The improvement of GEM 9 over GEM 8 i s  especially 
gratifying since GEM 9 i s  a smaller field without the benefit of surface data. 
In a second case, the GEM 10 field was truncated at twelfth degree and 
order for the computations of the geoid, while the orbit determined previously 
from the full GEM I O  field was retained. This variation of :he test was vade to 
assess what degradation, i f  any, would rescilt in eliminating the contribution of 
the high degree and order terms to the GEM IO geoid. The alt:meter residual 
RMS (Table 12) increased by almost 1.S meters when these higher dcgree ana 
order terms were eliminated. The degradation due to truncation of GEM IO to 
I2  x I2 can be estimated by: 
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L is  the loss of accuracy due tc +rwr=xion 
is the total RMS from the truncated solutions (combined), and l T  
i s  the total RMS from 'he solbtions using the full model 
(combined). 
TF 
Combining the results f r m  the two case\, the estimated loss of accoracy 
due to the truncatim of GEM IO to 12 x 12 i s  3.22 m. This i s  cor,ipelting 
evidence that the higher degree! and order coeff;-lents in GEM IG cmtribute 
occwate information to the computation of 3 jlobal geoid. This strengtnens the 
conclusions made in Section 4.3. The worldwide contribution of the terms of 
degree 13 to 22 in GEM 10 is  at ledst 2.5 meters (rms). This would further 
indicate that this portion of the GEM 10 model is highly accurate. 
4.5 EVALlJATlfrb! OF CEM 9 AND IO USING ATS-6/CEOS-3 DOPPLER 
EXCHANCE DATA 
LEOS3 and A T S 6  performed a fwr-way doppler exchaitge experiment 
(Satellite - to !k:ellite .- - Experiment: SSE). The SSE data were not included in GEM 
9 and IO. A two revolution orbit of CEOS-3 (revolutions 245 acd 246) wac 
redvcea which hod particularly strong laser ground tracking and two consecutive 
45 minute SSE t i x k s .  Figure 20 summarizes these resu!ts. This test was 
designed tr, evaluate the high frequency portion of the geowtentia: model. GEM 
IO f i t  'he data particularly well. The randomness (RNDj of the SSE residuals i s  
glsb Itsted. GEM 10 again was ?he superior solution though a sniall signal still 
remains in these residuals. 
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FIGURE 20 
GEM10 SSE RESIGUALS. 
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4.6 EVALUATION OF 13th ORDER HArIMONICS USING RESONANT 
SATELLITE ORBIT-; 
Klosko and Wagner (1975) used over 130 constraint equations developed 
f r m  the analysis of deep resonance orbital passages, new shallow resonance 
harmonic determinations, and the frequency deconpxi tion of existing satellite 
geopotential models to obtcin improved values for the 13th order tesseral 
harmonics. In all, thirteen satellite orhits having inclindions from 2K to 
retrograde were evaluated for this solution. The estimated harmonics were 
complete to the 32nd degree. 
0 
The 13th order coefficients obtaiwd from this resonance solutiort are 
compared with GEM 7 and GEM 9 (Figwe 21 and Table 21'. GEM 9 i s  in closer 
agreement wi th  the resonance information than was GEM 7. Term C28,13 seems 
to show large variatior. Crom solution to solution. '&/her1 this term i s  removed 
from the comparison, the CkM 9 field has less thon one half the RMS for 
coefficient differences wnen compare? :o the resonance solvtion than had GEM 
7. This result i s  all the more qrtrprising because thc shallow resonance 
information f -  in GEM 7 i s  a significant componen; of the Klosko and Wagner 
solution. 
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m = 13 
‘13 
‘1 3 
‘14 
‘14 
‘15 
’15 
‘16 
‘16 
‘17 
‘1 7 
‘18 
’18 
c19 
s19 
c20 
s20 
c21 
s21 
c22 
s22 
‘23 
’23 
‘24 
’24 
c25 
%5 
TABLE 21. 
COMPARISON OF 13TH ORD€R COEFFfCIENTS FROM GEM MODELS WtTH 
THOSE DERWED FROM RESONANCE ANALYSIS (NORMALIZED VALUE x 109) 
(1) 
K LOSKO, 
WAGNER 1975 
NORM. VALUE 
-62.6 
68.6 
29.5 
46.9 
-24.6 
- 4.9 
16.7 
1.7 
14.4 
18.7 
- 5.8 
-32.7 
-12.7 
-30.6 
21.9 
5.0 
-1 5.0 
9.7 
-17.5 
12.0 
3.8 
- 4.3 
1.4 
- 2.1 
10.1 
-1 1 .ti 
(2) 
0 GEM7 
( .9) -60.9 
( .9) 67.6 
(2.1 25.6 
- -
1.1) 43.9 
1.2) -25.3 
1 .O) - 3.1 
1.8) 8.4 
(1.3) 1.6 
(1.9) 16.8 
(1.8) 24.9 
(2.8) -19.2 
(1.7) -35.8 
(3.8) - 9.4 
(3.7) -20.2 
(3.2) 2.9 
(2.3) 8.2 
(3.5) -21.9 
(3.7) 16.2 
(3.0) -24.3 
(2.51 19.3 
(4.0) - 7.0 
(4.1! 4.9 
14.91 - 14.9 
(3.7) 3.8 
(7.3) 25.1 
i6.3) 11.1 
(3) 
GEM9 
-60.1 
69.8 
28.0 
42.2 
-
-22.8 
- 2.2 
12.2 
- 7.5 
14.7 
19.2 
-12.0 
-37.4 
-i2.4 
-30.7 
23.2 
3.9 
-16.4 
13.9 
-30.0 
7.7 
- 2.2 
- 1.6 
6.1 
- 7.3 
15.2 
- 8.8 
1 - 2  
- 1.7 
1 .o 
3.9 
3.0 
0.7 
- 1.8 
8.3 
0.1 
- 2.4 
- 6.2 
13.4 
3.1 
-10.4 
19.0 
- 3.2 
5.9 
- 6.5 
6.8 
- 7.3 
10.8 
-- 9.7 
16.3 
- 5.9 
-15.0 
-22.7 
1 - 3  
- 2.5 
- 1.2 
1 5  
4.7 
- 1.8 
- 2.7 
4.5 
9 2  
- 0.3 
- 0.5 
6.2 
4.7 
- 0.3 
0.1 
- 1.3 
1.1 
1.4 
- 4.2 
12.5 
4.3 
6.0 
- 2.7 
- 4.7 
5.2 
- 5.1 
- 2.8 
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TABLE 21. (continud 
COMPARISON OF 13TH ORDER COEFFICIENTS FROM GEM MODELS WITH 
THOSE DERIVED FROM RESONANCE ANALYSIS (NORMALIZED VALUE x lo9, (c0nt.J 
[ =  
m = 13 
c26 
s26 
‘27 
‘27 
c28 
s28 
c29 
s29 
‘30 
‘30 
(1 1 
K LOSKO, 
NORM. VALUE 
WAGNER 1975 (2) 
0 GEM7 
1.3 (7.5) 5.1 
- -
0.7 
- 7.0 
- 6.8 
-16.5 
0.4 
-1 7.4 
(5.5) 4.0 
(7.7) 16.4 
(6.9) 21.2 
(8.0) -55.9 
(5.2) 9.2 
(5.6) - 6.5 
- 9.5 (5.3) - 7.4 
9.9 (8.1) --- 
4.7 (4.0) --- 
RMS OF RESIDUALS 
i31 
GEM9 -
- 3.2 
- 8.2 
- 7.7 
-10.7 
20.6 
8.8 
-10.8 
- 9.0 
--- 
--- 
wICa: 
Cm: 
w/out 
1 - 2  
- 3.8 
- 3.3 
-23.4 
-28.0 
39.4 
- 8.8 
-10.9 
- 2.1 
12.56 
10.75 
1 - 3  
4.5 
8.9 
0 7  
3.9 
-37.1 
- 8.4 
- 6.6 
- 0.5 
7.93 
4.80 
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5. EVALUATION OF GEM 9 AND I O  FOR ORBIT 
DETERMINATIOt J ACCURACY 
The ability to model accurately the gravitational forces on near earth 
satellites i s  one of the most important applications for improved geopotential 
models. GEM 9 and IO have undergone extensive testing in this regard. 
The GEOS-3 orbital accuracies were of paramount concern given the 
demands of altimeter support. 6 k J t  also of concern was the quality of the 
computed orbits for Beacon Explorer-C (BE-C) and LANDSAT. LANDSAT dota 
was used for the f i rst  time in GEM 9 and IO. 
BE-C is  used extensively in the Laser Polar Motion and San Andreas 
Fault Experiments. As such, it has been extensively tracked b j  various laser 
systems. Table 22 presents the results obtained using laser data from BE-C. 
This laser data i s  not in the GEM 9 or IO solutions, though other range data are 
used from the same stations to BE-C. Two station configurations -those on the 
East coast of the United States and those on the West coast - were tested. GEM 
9 clnd i0 show considerable reduction in the overall f i t  to rhis laser data when 
compared to other available models. In the case of Starlette, Marsh and 
Williamson (1916) have extensively analyzed the orbital occuracies obtained from 
some preliminary GEM models. 
The GFnS-3 spacecraft i s  in a neariy circular orbit at on altitude of 
approximately 840 km. The spacecraft i s  not extremely dense and has an 
area/mass ratio of 1.4365m /345.909 kg (.004). At this altitiide, the estinlates of 
the atmospheric drag perturbations on GEOS-3 range from 12rn/day2 to 
20m/day (along track) when using the Jacchia (1971) Density Model. A drag 
perturbation of this magnitude requires extremely refined modeling to avoid 
prohibitively large orbital positicrning errors. We account for the drag on GEOS3 
in a variety of ways depending on the length of the orbit to be determined; 
briefly: 
2 
2 
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MODEL 
GEM 7 
GEM 8 
GEM 9 
GEM 10 
SA0 4.3 
GRIM2 
TABLE 22. 
BEACON EXPLORER4 ( B E 4  
LASER RESIDUAL RMS FROM THE SAFE EXPERIMENT 
EAST COAST WEST COAST 
OBSERVATIONS OBSERVATIONS 
LASER RMS IN CM 
(3 SIX-HOUR ARCS) (2 FOUR-HOUR ARCS) 
LASER RMS IN CM - 
54 50 
126 39 
18 23 
29 18 
280 154 
756 269 
58 
When the orbit is less than 12 hours in length, a ballistic 
coefficient (C,) i s  modeled at a fixed value of 2.5. Any small 
residual error is easily absorbed .n the epoch parameters of the 
orbit. 
0 When the orbit i s  longer than 12 hours but shorter than 36 hours, 
CD is  allowed to adjust. 
0 Lastly, when the orbit is longer than 36 hours, a time varying as 
well as a constant CD are adjusted to the data. 
The CEOOYN Program (T. Martin, 1972) is  used for the ortita; 
reductions. GEODYN uses Cowell type numerical integration techniques. For 
CEOS-3 orbital reductions, luni-solar gravitational perturbctions, solar rociiation 
pressure, BIH polar motion and UT I data and atmospheric drag using the Jacchia 
1971 Density Model are modeled. We also model solid ear?h tides (K2 = .29) and 
the Ocean tides using the diurnal lunar model of Hendershott (1970). 
The orbits calculated for CEOS-3 were thoroughly tested. The radial 
accuracy of GEM 9 and I O  has been evaluated using intersecting GEOS-3 
altimetry passes from independent and widely separated orbits (in time). The 
crossover points were differenced to estimate the radial error in the GECS3 
orbits computed from GEM 9 and IO. 
The altimetry residual for the K?h revolution is given by 
where 
a = altimeter range 
r = satellite height above the reference ellipsoid 
g = geoid height 
t = tide height 
89 
Since the residuals are differenced over the same location, the geoid 
height cancels. Tides were modeled using Hendershott (1970! and small errors are 
present. ignoring the tides (t), 'hc difference of the satellite altimetry residuals 
for the Kth and Jth pa - at intersection K, J i s  
AresK,J (aK - aJ) - 
If the altimetry is assaimed to be noiseless, and having a constant bias, t!en the 
altimeter crossover rosidual difference i s  a measure of radial orbital error. 
Four one-day arcs spclnning t+e altimeter mwsurernents were computed 
from laser range data; the altimetry wos not used in the determination of the 
orbit. There were II intersections in t e 'Atlmtic Ocean region and 28 
intersections southwest of Australio as illustrated in Figure 22. The altimetry 
intersections in the Atlantic region involved ot least one pass of altime?ry in the 
gi&al mode which Martin (1477) has shown to have varying off-nodir biases of 
from I 1 3  3 meters. The Australirr intersections were computed from altimetry 
which wos all in the intensive mode. The intensive mode data has Q known bias 
of a constmlt (-5.36 - + .21 meters) but IS not noticeably affected bv minting 
errors. These data therefore should yield superior crossover results. 
lable 23 l ists the crosscver results obtained from GEM 9 and IO dong 
with other representative fields, The RMS is  given separately for intensive 
mode, global mode and the tota! set ~f 39 intersections. It i s  readily seen that 
the intensive mode i s  much more uczwrte than the gfobal mode even though the 
Australia iv:ersections are further froni tracking stations. The radid error for 
GEM 9 and IO in these tests opbears to be less than I meter. 
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A second altimeter cross over test was comoleted using the GEL1 I O  
gravity model. In this study four long orbits (three 5 day and one 4 day arc 
lengths) were determined from ovailcble laser data. Figure 23 gives the details 
of the laser tracking data used in these trajectories. Arcs one and tv*o used 
tracking almost exclusively from the NASA lasers in the CEOS-3 Calibratiort 
Area. Arc two was especially weak since the laser data at Patrick AFB 
(RAMLAS) had timing problens; HAMLAS timing biases had to be estimated 
from this data simultaneously with the orbit thereby further reducing the 
strength of the solution. Arcs three and four hod a good distribution of NASA 
and SA0 lcser data. The altimeter data (intensive mode only) was not used in the 
orbit determinations. 
Figure 24 shows the location of the 127 altimeter cross over points 
obtained by intercomparing all f o x  of these arcs. The cross over distribution i s  
s t i l l  unbalanced, but it is nearly global for sampling different parts of the orbit 
especially those parts away from the tracking stations. 
Figure 25 presents a histogram of the GEM I O  altimeter cross w e r  
residuals. Arc two has been segregated by itself and the results from this arc do 
show on onticipated degradation in radial orbital accuracy. The 80 intersections 
which do not inwlve data from arc two have a residual RMS of 1.31 meters. The 
total RMS (including arc two) for 127 cross overs i s  1.60 meters. These result:. 
reflect nmercus errors besides radial orbital errors. 
An error budget for the crossover results is estimated by: 
R2 = 2(E2) + C2 + 2(T2) + 2 ( f 2 )  
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FIGURE 25. HISTOGRAM OF GEM 10 LONG ARC ALTlMEl ER CROSS OVER TEST 
CONTAIN FEB. 1976 ARC 
IN CROSS OVER (WITH 
R A M U S  TRACKING) 
DOES NOT CONTAIN 
FEB. 1976 ARC IN 
CROSS OVER 
TOTAL RMS FOR 127 INTERSECTICNS = 
1.60 m 
RMS FOR 80 INTERSECTIONS WHICH 
DO NOT CONTAIN FEB 1976 
ARC = 1.31 m 
Otol  1 t o 2  2 to 3 3 to 4 4 to 5 
ALTIMETES CROSS OVER RESlDllAi IN METFRS 
5 to 10 10 and over 
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where 
R is the total residual altimeter cross over RMS; (1.31r-n) 
C i s  the geoid height mismatch. The crossever data were corr;piled 
by hand and the altimetry was not interpolated to obtain a value 
at the precise intersection point. Rather, the closest points in the 
respective passes were used and these can be spacially separated 
by as much as 20 km. An estimate of this mismatch is .3 r n  on 
average. 
T i s  the Ocean tidal error. This has been estimated to be .3 m in 
each arc, on average from the Hendershott Model. 
i i s  the altimeter noise. In these tests, we used the uneditted major 
frame averages made available from Wallops Space F!ight Center. 
Our noise estimate i s  .3 meters in each arc, and 
E Is the orbital error in each arc. 
When this equation is solved, the estimated orbital error i s  .80 m from 
the three long arcs. With all four arcs, the estimated radial orbit error i s  I .03 m. 
The GEOS-3 orbital accuracies from GEM 9 and 10 have also been 
extensively tested on 3 revolution, I day and 5 day arcs estimated from laser 
range data. Appendix I present5 these results. 
Tests I tkough 9 show various methods employed in determining the 
accuracy of the fields. The basic approach has been to intercompare two 
different orbit trajectories. For example, an orbit is determined over a period of 
time. A shorter arc length within the first is selected and i t s  trajectory i s  
determined. We then compare the two solutims in their radial, crosstrack and 
along track component differences over their common interval. In this way we 
can evaluate the accuracy of the field in al l  three components. 
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In tests I through 5, five day orbital arcs are compared with one and two 
day arcs which all contain subsets of the same data. Test 6 nuvigates a station 
height by using separate passes of data not in the orbital solution. Since we 
allow the station to adjust only in height, it is a good evaluation of the radial 
accuracy of the field for high elevation passes. We chose one northern and two 
southern hemisphere stations to imure that we had a good global sample. 
In tests 7 and 8 we did not include the data from the short arc in the 
longer one. This ieft a gap of from one day to 32 hours in the longer arc. Test 9 
evaluates the RMS of f i t  for a 5 day orbital arc determined frorn laser data. All 
tests are described in detail on their individual summaries. 
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SECTION 6 .  . . . . . . . . . . SUMMARY - 

PRECEDING PAGE BLANK NOT FIT,Mm 
6 .  SUMMARY 
The major objectives of GEM 9 and IO were achieved. CEOS-3 orbital 
accuracies from these models are about I m in their radial components for 5 day 
arc lengths. The new GEM 9 and IO models yield significantly improved results 
when compared to the surface gravimetry, SKYLAB and GEOS-3 altimetry and 
highly accurate BE-C laser ranges than do previous GEM solutions. We believe 
that a genuine improvement has been achieved for the global representation of 
the terrestrial potential. 
Additionally, a new value of GM has been determined dynamically from 
laser tracking. A consistent value of the mean equatorial radius of the earth was 
obtained from the estimated tracking station coordinates, the GEOS-3 altimeter 
data and the . nplied value of 9,. The average value of ae was found to be nearly 
constan? among the different techniques used to estimate this parameter. The 
set of recommended or adopted physital constants from this work are: 
3 2  rn CM = 398600.64 km /sec 
0 c = 299792.5 km/sec 
rn f = 1/298.255 
The accuracies of the geopotential coefficients have been estimated cnd 
imply commission errors in geoid height of 1.9 m and 1.5 m (global RMS values) 
respectively for GEM 9 and IO. This error estimate was obtained from 
indepenuent calibrations with the surface gravimetry, the I;€%-3 altimetry and 
an error propagation using u gravity model error model derived from these 
estimates. 
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APPENDIX I . . . . . . . . . CEOS-3 ORBITAL TESTS 

APPENDIX 1. 
GEOS 3 ORSITAL TESTS 
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TEST 1 DESCRIPTION: A fire day arc IS dewmind from laser data. Within &he same data span, fne 
OIW day arcs are also cktermncd from the lacr data. Thtn atktal t rapza- rn  are then differenced 
every minute over thew c(wnm0n t~me intewd. fht r a d  (RJ, cross track (C) and along trwk (A) 
posltmn diffxences are stabsbally eralruted as an RMS ddference in e u h  of dwse bailistu components 
These RMS dtfferences for UUIOUS mt gavity modair fat each comparm ($.e.. the 5 day arc *errus e u h  
one day arc) are presented. The 5 day arc sekcted (Uay 18 to 23.1975) was r d  by us as bcmg very 
weak qren the limited mount of tradung data avail&&. Some of the one day arcs are ako vecy weak. 
ORBITAL COMPARISON: RV 
5/18 to 23175 
5' ARC VERSUS EACH ONE DAY ARC 
GRAV. 
W O E  L 
GEM7 
GEM9 
GEM10 
NO. OF 
PASSES 
IN EACH 
lD ARC 
R 
C 
A 
R 
C 
A 
R 
C 
A 
O D  5 r.ll 
4.23 
15.91 
13.44 
2.66 
9-04 
6.44 
2.64 
8.92 
6.44 
2 
501.1: D O  5 v . 1 3  
6.83 5.23 
14.04 3.98 
16.18 42.84 
1.24 0.88 
0.42 1.52 
3.32 8.79 
0.69 0.79 
1.03 1-48 
2.15 8.35 
3 4 
"-40 
7.29 
23.45 
0.21 
1.43 
0.84 
0.1 1 
1.32 
0.72 
11-32 
11.71 
29.32 
1.84 
1.83 
5.37 
1.74 
1.77 
4.26 
5 3 
0 f D 9 Y S  
I07 
TEST 2 DESCRIPTION: A h e  day arc i s  determined from lucr data. Within the mmc 60 rpm. 
a two day arc. and two one day arcs we also determined f r o m  the l a w  data. Thcrc orbml ba- 
tones are then d i f f e r d  every minutc over their ammon one tntrmal . The r d u l  (RI, uw 
track (C) nd along track (A) poutm differences we statistically evalurtd as an RMS differenoc n 
each of these ballistic ampomnls. These RMS differenas for vartoui mt gravitc models for each 
awnpurson ke.. 5 6 y  versus 2 day was. 5 day versus 1 day arc No. 1.5 4 y  versus 1 d : ~  arc No. 2. 
etd, are presented. The 5 day arc rkcted ( h y  18 to 23. 1975) was viewed by us a% being very 
weak pren the llmited amount of tracking data avaibbk. The second one day arc 45,n to 231 had 
cn:y 3 passes of dam. none of wbtcn was past the 11th hour on t h i s  day while ths wtnt was 
&tferenced for a full 24 hour interval. 
ORBITAL COMPARISON AV 
5 18 TO 23 75 
gD ARC, 2' ARC I5 21 .- 23), lip 15 21 1.1: '5 22 
GRAV. 
MODEL 
GEM7 
GEM8 
GRIM2 
sn01.3 
G E M 9  
GEM10 
R 
C 
A 
R 
C 
A 
R 
C 
A 
R 
C 
A 
R 
C 
A 
R 
C 
A 
5 0  v. 2 0  
4.70 
6.63 
23.58 
0.79 
4.68 
22.64 
4.79 
8.29 
10.12 
5.08 
8.19 
28.74 
0.34 
0.24 
2.26 
0.42 
0.29 
2.36 
5% 1y 
8.40 
7.29 
23.44 
2.24 
2.26 
7.92 
5.36 
15.41 
12.71 
7.67 
14.47 
19.35 
0.21 
1.43 
0.84 
0.1 1 
1.32 
0.74 
9 0  
1 1.32 
11.71 
29.32 
4.96 
8.19 
61 5 1  
28.97 
40.35 
> 50 
44.04 
63.69 
> 50 
5 v .  l2 
1 %  
1.83 
5.36 
1.34 
1.77 
4.25 
D D  
3.93 
1.43 
10.15 
1.62 
3.47 
4.16 
0.59 
23.10 
5.26 
4.89 
19.53 
12.95 
0.54 
1.19 
1.39 
0.53 
1.03 
1.29 
2 v.11 2*v 1: COMMENT 
11.71 
15 (15 
39.94 
5.15 
3.79 
31.32 
32.18 
45.57 
> 50 
49.02 
71.22 
> 5G 
1.63 
1.80 
7.55 
1.41 
1.64 
6.04 
h -1: has only 3 passes of data tu 11 and lSh predtct. 
I w 
TEST 3 DESCR8PTION: A fire day arc (August 2-7.19751 was detemmed f r o m  laser data 
A one dzy arc (August 34,1975) was detcnnmed from the same laser data. Tkse orbttal 
t ry tctwws are then bffercnad for every minute oyer their awnmoo .me day per iod  and an 
RMS IS computed fw the difference in each ballistic component - (RI radml. (Ct cross ma&. 
(A) don7 trad. 1 his arc was v i e d  by us as being exaptmor.rlly well tracked from the laser 
system a d  should yrM strong orbat determinatlon passabtlit~~. 
ORBITr4L COMPARISON: RV 
5' ARC: 1' 813 - 4 
812 TO 7/75 
GRAV. 
MODEL 
GEM7 
GRIM2 
SA04.3 
GEM9 
GFMlO 
5 0  v. 10 
R 6.41 
c 305 
A 31.67 
9 10.15 
c 2.26 
A 38.23 
Fi 72% 
C 16.86 
A 36.34 
R 0.53 
c 0.43 
A 2.23 
R 0.47 
c 9-44 
A 2.03 
D 1 has 11 pdsscs of laser da1.i. 
IO? 
ORBITAL COMPARISON: R V  
5': (29 - 31); 1' (29 - 30) 
l0/27 TO 31/75 
GRAV. 
MODEL 
6 
GR IM2 C 
A 
a 
3.943 C 
A 
R 
GEM7 c 
4 
R 
GEMS C 
A 
R 
GEMS c: 
.a 
R 
GEM10 c 
A 
5%. P O D  5 *. 1 
7.40 7.31 
23.63 ZO.92 
04.32 49-85 
20 v. 1' 
4 . a  8.JS 5.03 
40.29 423? 5.15 
72.12 2623 31.81 
1.99 3.59 3.47 
5.64 6 3 7  2.43 
988 .?6.42 20.72 
7.59 7.49 
4R4 4.87 
10.1 7 42.43 
0.36 0.69 0.27 
1.25 1.47 0.23 
2.33 2.33 2.87 
0.49 0.82 0.35 
1.43 1.75 0.33 
2.40 2.84 3.40 
I II) 
TEST 5 DESCRIPTION: Two three day arcs are computed which overlap for one day. 
The orbits we deterwind f r r v  law data. These orbits arc thsn d i f f e r e d  mar their 
common dry and from these differmar n RMS is  computed for each of the bllistic 
canponccla. 
ORBITAL COMPARISON 
TWO 3' ARCS WITH ONE DAY OVERLAP, 
DIFFLRENCED FOR ONE DAY 
5/15 - 18 VS- 18 - 21 
GRAW. 
MODEL 
GEM7 
GEMS 
GEM10 
GEM7 
GEM9 
GEM10 
R 3.07 
C 7.61 
A 41.45 
R 0.23 
c 3.19 
A 7.14 
R 0.32 
C 3.14 
A 7.05 
6!10 - 13 VS. 13 - 16 
R 4.29 
C 3.93 
A 40.73 
R 0.60 
C 1 .oo 
A 5.02 
R 0.57 
C 1.02 
A 4.94 
l i l  
TEST 6 DESCRIPTION: Them tests require two steps. First, a 5 day (Auyrt 2 to 7,19751 laser 
orbit is &terminad with a station r m a e d  f r o m  the rdutiim. This recovered orbit ir ;hm haid 
fixed and each indiridud pas of this StafOa'b bsw data is used to estimate a eorrrction tu tha 
station height. Tkart hehht (AhJ conectionr m *rterpreted as an rrtimstr d m(, radial orbit 
urrw in the fire day arc- This i s  rimilN to the station nav~tionlorbital error estimatrr performed 
at NWL. 
STATION NAVIGATIONS FOR 5' ARC: 8/3 TO 818 
STATION 
G R T U S  
TIME OF ?ASS 
864 0959 
RMS 
1.42 
MAX. ELEV. 
57?6 
GRTLAS .37 
.82 
3406 
87!% 
0.57 
GRTLAS 
GRTLAS 
GRTLAS 
ARESAO 
ARESAO 
805 0944 
806 204u 
007 2031 
805 Os13 
807 2158 
-1.12 
6803 .17 C.18 
7!i?O .14 -0.02 
&2 2.21 t .43 
74?4 1.58 0.61 
5803 
s2P5 
ARESAO 808 0909 1.97 a1.60 
ARESAO 
OLISAO 
OLISAO 
OLISAO 
OLISAO 
808 2144 
604 0144 
005 0130 
006 01 16 
808 0227 
2.05 1.25 
115 
2.01 
-0.57 
-2.44 
5802 2.05 
8004 2.67 
56% 1.12 
1.97 
I12 
I I 3  
TEST 8 DESCRIPTION: A five day laser arc i s  compared with a well ttilcked 3 revolution arc. The 
data contained in the three revolution segment of the five day arc is deleted from the five day arc 
recovery. The orbital trajectory differences over t h i s  common 3 revolution time span are statistically 
evaluated in each ballistic amponant as an RMS differena. 
GRAVITY MODELS DATE 
3REV !iD - 5 0  -
GEM9 GEM9 6/19 - 24 1975 
GEMlO GEM10 6/19 - 24 1975 
GEM9 GEM9 812-71975 
GEMlO GEMlO 8/2 - 7 1975 
RMS DIFFERENCES 
RADIAL CROSS ALCNG - -  3 REV 
6/21 15h - 6/21 20h 0.79 0.52 2.86 
6/21 l!ih - 6/21 20h 0.82 0.75 3.02 
813 gh - 813 14h 0.64 1.31 1.37 
813 gh - 813 lqh 0.57 1 .w 1.20 
I14 
TEST 9 DESCRIPTION: Three laser arcs of five days length are computed from laser data. 
This test compares the RMS of f it to t h e  laser ranges themselves. 
RMS OF FIT (METERS) 
MODEL 
GEM7 
GEM8 
SA04.3 
GRIM2 
GEM9 
GEM10 
EPOCH 1 
750622 
6.84 
7.47 
12.02 
11.50 
1.46 
1.46 
EPOCH 2 
750704 
7.62 
11.82 
1.92 
1.91 
EPOCH 3 
750729 
11.53 
6.89 
14.17 
12.88 
1.25 
1.25 
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